Theory = Matrix calculus

¢ Useful definitions and notations

We will treat all vectors as column vectors by default. The space of real vectors of
length n is denoted by R™, while the space of real-valued m x n matrices is denoted
by Rmxn.

Basic linear algebra background

The standard inner product between vectors x and y from R"™ is given by
n
T T
(@, y) =2'y=> zyi=y'z=(yz)
i=1
Here x; and y, are the scalar :-th components of corresponding vectors.

The standard inner product between matrices X and Y from R™*" s given by
m n
(X,Y)=tr(XY) =Y ) X,V =tr(Y' X) = (¥, X)

=1 j=1
The determinant and trace can be expressed in terms of the eigenvalues

n n

detA=]]N, trd=) X
i=1 1=1

Don't forget about the cyclic property of a trace for a square matrices A, B, C, D:

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

The largest and smallest eigenvalues satisfy

x' Az x ! Az
Amin(A) = inf T 3 T
z#0 L X z£0 LT T

and consequently Vx € R"™ (Rayleigh quotient):
Amin(A)z Tz < 2" Az < Apax(A)z "z

A matrix A € S™ (set of square symmetric matrices of dimension n) is called positive
(semi)definite if for all z # O(for all z) : x " Az > (>)0. We denote this as
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A = (»)o0.
The condition number of a nonsingular matrix is defined as

r(A) = | AJlIIA™Y|

Matrix and vector multiplication

Let A be a matrix of size m x n, and B be a matrix of size n x p, and let the product
AB be:

C=AB

then C'is am X p matrix, with element (4, j) given by:

n
Cij = E a;br;
k=1

Let A be a matrix of shape m X n, and x be n x 1 vector, then the z-th component of
the product:

z = Ax

is given by:

3

Zi = QT

Finally, just to remind:
C=AB C'"=BTAT
AB # BA
A 1k
e =% A
k=0
eAt+B =+ ede? (butif A and B are commuting matrices, which means that

AB = BA, eAtB = e4¢P)
(z, Ay) = (A z,y)

Gradient

Let f(x) : R® — R, then vector, which contains all first order partial derivatives:



or )

ir | s
0xo
Vf(g;) — % — .
of
o)

named gradient of f(z). This vector indicates the direction of steepest ascent. Thus,
vector —V f(x) means the direction of the steepest descent of the function in the
point. Moreover, the gradient vector is always orthogonal to the contour line in the
point.

Hessian

Let f(z) : R™ — R, then matrix, containing all the second order partial derivatives:

%f o%f o2 f \
O0x10z1 0x10x2 ce 0x10zy,
% f % f df
f”(w) _ azf _ Or20x1 0r20x2 T Or20xn
% f % f i )
Oxndx1 Oxndx2 e O0xnOxn

In fact, Hessian could be a tensor in such a way: (f(z) : R® — R™) is just 3d tensor,
every slice is just hessian of corresponding scalar function

(H (fi(z)), H (f2(z)), .-, H (fm(z)))-

Jacobian

The extension of the gradient of multidimensional f(x) : R™® — R™ is the following
matrix:

ofr  Ofr %\
0z Oxo e Ozxy,
of2  Ofr Ofy
f’(w) df B dz1 Oz Oz
 dzT
K% Ofm Ofm
Ox1 Oxo T Ozn

Summary



0f(x)

z): X =Y, e
@) ik
X Y G Name
R R R f'(z) (derivative)
R" R R" of (gradient)
81137;
R" R™ R™M*™ Of; (jacobian)
of
Rmxn R Rmxn S
8:1:Z-j

General concept

Naive approach

The basic idea of naive approach is to reduce matrix/vector derivatives to the well-
known scalar derivatives.

Matrix notation of a function Matrix notation of a gradient
flz)=c'a Vf(z)=c
l
Scalar notation of a function I
n
0f ()
flx) = Zcia:@- ——— =g,
i=1 Oz
o —_ .

Simple derivative

Of(x) 0> i cims)

aibk 5’&3/{

One of the most important practical tricks here is to separate indices of sum (z) and




partial derivatives (k). Ignoring this simple rule tends to produce mistakes.

Differential approach

The guru approach implies formulating a set of simple rules, which allows you to
calculate derivatives just like in a scalar case. It might be convenient to use the
differential notation here.

Differentials
After obtaining the differential notation of d f we can retrieve the gradient using
following formula:

df(z) = (Vf(), da)

Then, if we have differential of the above form and we need to calculate the second
derivative of the matrix/vector function, we treat "old” dx as the constant dx, then

calculate d(df) = d? f(z)

d’f(z) = (V2f(z)dz,dzs) = (Hs(x)dzy, dz,y)

Properties
Let A and B be the constant matrices, while X and Y are the variables (or matrix
functions).

dA =0

d(aX) = a(dX)

d(AXB) = A(dX)B
(X+Y)=dX +dY

dX")=(@dX)"
(
{

SH

d(XY) = (dX)Y + X(dY)
d(X,Y) = (dX,Y) + (X,dY)

X,
( ) $dX — (d¢)X

SH

¢2
d(det X) = det X(X T ,dX)
d (tr X) = (I,dX)
f(o(@) = 5L - d(o)

H=(J(Vf)"



d(X1) = —X"1(dX)X !
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Methods = Automatic differentiation
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Automatic differentiation is a scheme, that allows you to compute a value of gradient of
function with a cost of computing function itself only twice.

Chainrule

We will illustrate some important matrix calculus facts for specific cases

Univariate chain rule
Suppose, we have the following functions R: R — R, L : R — Rand W & R. Then

OR OR OL
ow 0L oW

Multivariate chain rule

The simplest example:

9  Of 0w, Of Oz,
g [ @1 2a(t) = 5 ===+ 5 5

Now, we'll consider f : R" — R:

9 _ Of Oz Of Oza
5 (Z1(t),...,z,(t)) = 9z, O +...+ Bz, Ot

But if we will add another dimension f : R™ — R™, than the j-th output of f will be:
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8f] 8$l o L 8%1
ff(‘"”l( Zamz ot _Einﬁ—t’

where matrix J € R™*™ is the jacobian of the f. Hence, we could write it in a vector

way:
of _ oz Of ' _(8z\
ot Jat <:) (8t> _<8t) /

Backpropagation

The whole idea came from the applying chain rule to the computation graph of primitive
operations

L = L(y(z(w,z,b)),t)

FORWARD PAGS (COMPUTE LOSS)

>

RACKWARD PASS (compuTe derivATives)

z=wxr+0b %—m 8z—'w%—0
- ow 7 Oz ob
= o(2 o'z

1 OL oL
L:— —_— 2 —_— —_— —_— J—

All frameworks for automatic differentiation construct (implicitly or explicitly)
computation graph. In deep learning we typically want to compute the derivatives of



the loss function L w.r.t. each intermediate parameters in order to tune them via
gradient descent. For this purpose it is convenient to use the following notation:

0L
v, = —
‘ 8?),-
Letvq,...,vN be atopological ordering of the computation graph (i.e. parents come

before children). vy denotes the variable we're trying to compute derivatives of (e.g.
loss).

Forward pass:
Fori=1,...,N:

Compute v, as a function of its parents.

Backward pass:
vy =1
Fori=N—1,...,1:
Compute derivatives v; = > v
j€Children (v;) v,

fv .
Note, that v; term is coming from the children of v,, while —is already precomputed

8’Ui

effectively.



Univariate logistic least squares regression

N
z:wa:+

\

Forward pass Backward pass
_ z
y=ol2) Rz _ 7\ _ _dz —dR _ -
1 9 dR w=z—+R— =2z + Rw
L=—(y—t) dw dw
2 — =dL ~
1 L=L—=27_/_ = _dz  _
R L2 dL b=2—r =2
= Zw db
2 J=TYE Tyt dz
L=L+)R y=Lo-=Ly—1) T=2— =7w
dx

Jacobian vector product

The reason why it works so fast in practice is that the Jacobian of the operations are
already developed in effective manner in automatic differentiation frameworks.
Typically, we even do not construct or store the full Jacobian, doing matvec directly
instead.

Example: element-wise exponent
y = exp (2) J = diag(exp(z)) z=yJ

See the examples of Vector-Jacobian Products from autodidact library:



Hessian vector product

Interesting, that the similar idea could be used to compute Hessian-vector products,
which is essential for second order optimization or conjugate gradient methods. For a
scalar-valued function f : R™ — R with continuous second derivatives (so that the
Hessian matrix is symmetric), the Hessian at a point z € R" is written as 82f(x). A
Hessian-vector product function is then able to evaluate

v 0% f(z) - v
for any vector v € R™.

The trick is not to instantiate the full Hessian matrix: if n is large, perhaps in the millions
or billions in the context of neural networks, then that might be impossible to store.
Luckily, grad (in the jax/autograd/pytorch/tensorflow) already gives us a way to write an
efficient Hessian-vector product function. We just have to use the identity

0% f(z)v = Oz v 9f(z) - v] = 9g(z),

where g(z) = 0f(x) - v is a new vector-valued function that dots the gradient of f at
x with the vector v. Notice that we're only ever differentiating scalar-valued functions
of vector-valued arguments, which is exactly where we know grad is efficient.

hvp

Code

Materials


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Autograd.ipynb

Autodidact - a pedagogical implementation of Autograd
CSC321 Lecture 6

CSC321 Lecture 10

Why you should understand backpropagation :)

JAX autodiff cookbook


https://github.com/mattjj/autodidact
https://www.cs.toronto.edu/~rgrosse/courses/csc321_2018/slides/lec06.pdf
https://www.cs.toronto.edu/~rgrosse/courses/csc321_2018/slides/lec10.pdf
https://medium.com/@karpathy/yes-you-should-understand-backprop-e2f06eab496b
https://jax.readthedocs.io/en/latest/notebooks/autodiff_cookbook.html

Exercises Matrix calculus

Matrix calculus
Find the derivatives of f(z) = Az, V,f(z)=7,Vsf(x) =7
Find V f(z), if f(z) = c'z.
Find V f(z), if f(z) = %CBTAQE + bz +ec

T

Find Vf(z), f"(x), if f(z) = —e % 2.
Find the gradient V f(z) and hessian f"(z), if f(z) = %HA:I} —b|l3.
Find V f(2), f £(2) = ey € R?\ {0},

Find V f(), if f(z) = ||Az||5,z € RP \ {0}.

Find V (@), 1(2). 1 1(e) = 7

1+zTz
Calculate df(z) and V f(z) for the function f(z) = log(z " Ax).

Find f'(X), if f(X) =det X

Note: here under f'(X) assumes first order approximation of f(X) using Taylor
series: f(X + AX) = f(X) + tr(f'(X)TAX)

Find £ (X), if f(X) = log det X

Note: here under f"(X) assumes second order approximation of f(X) using Taylor
series: f(X + AX) = f(X) + tr(f'(X)TAX) 4+ Ltr(AX T f"(X)AX)

Find gradient and hessian of f : R™ — R, if:

f(z) = logZeXp(aiT:c +b,), ay...,a, R b,...;b, R

1=1

What is the gradient, Jacobian, Hessian? Is there any connection between those
three definitions?

Calculate: —Zelg( ) %Heig(X), %tr(X), aiXdet( )

: -~ 0
Calculate the Frobenious norm derivative: — || X||%

0X

Calculate the gradient of the softmax regression VL in binary case (K = 2) n -
dimensional objects:
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-P(y = 1|a:; (9) ] -eXp(e(l)Tm)-
P(y = 2|z;0 exn(0 7T 2
0 . Zj:l exp(e(J)Tw) .
-P(y - K‘m7 9)_ _exp(H(K)Tx)_
L(6) = — Z(l — y) log(1 — hg(z)) + y'¥ log hy(z?)
=1
Find V f(X), if f(X) = tr AX
Find V f(X), if f(X) = (5, X) — logdet X
) =

Find V f(X), if f(X) = In(Az,z), A €S} |

Find the gradient V f(z) and hessian f"(z), if

f(x) =In (1 + exp(a,z))

Find the gradient V f(z) and hessian f"(z), if f(z) = 5 ||=|3

Calculate V f(X), if f(X) = ||AX — B||r, X € RF*" 4 ¢ R™*k B ¢ Rm*n

OL OL

Calculate the derivatives of the loss function with respect to parameters < W o

for the single object x; (or, n = 1)

Learning

Object Model Prediction Lo
z; € R?y; € RE W e REXP p e R 9 =Wz + b , : i=1 ’

Find the gradient V f(z) and hessian £ (z), if f(z) = (z,z) "%,z € R?\ {0}
Find the gradient V f(x ) and hessian f"(z), if

flz) = 428z e P\ {0}, A € S

Find the gradient V f(z) and hessian f"(z), if f(z) = $[|A —zz |}, A € S"
Find the gradient V f(z) and hessian " (z), if f(z) = ||zz " ||»

Find the gradient V f(x) and hessian f"(z), if

f(z) = % > log (1 + exp(a?az)) — %Hw”%, a; € R", u>0.
i—1

Match functions with their gradients:

f(X) =TrX



Vi(X)=X"1
VFX) =1
V£(X) = det(X) - (X1)T

ViX)=—(X2)"
Calculate the first and the second derivative of the following function f : S — R
f(t) = det(A —tI,), where A € R S := {t € R:det(4 —tI,) # 0}.
Find the gradient V f(z), if f(z) = tr (AX?BX 7).



Exercises = Automatic differentiation

Automatic differentiation

Calculate the gradient of a Taylor series of a cos(x) using autograd library:

# Thinly-wrapped version of Numpy

taylor_cosine # Taylor approximation to cosine function

# Your np code here

In the following code for the gradient descent for linear regression change the
manual gradient computation to the PyTorch/jax autograd way. Compare those two
approaches in time.

In order to do this, set the tolerance rate for the function value ¢ = 107°. Compare
the total time required to achieve the specified value of the function for analytical
and automatic differentiation. Perform measurements for different values of n from

np.logspace(1,4) .

For each n value carry out at least 3 runs.

# Compute every step manually

# Linear regression

#f =w*x X

# here : f =2 % X

# model output

forward
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# loss = MSE

loss

# J = MSE = 1/N % (wxXx — y)**2
# dJ/dw = 1/N *x 2x(wkx — y)

gradient

# Training

# predict = forward pass
# loss
# calculate gradients

# update weights

Calculate the 4th derivative of hyperbolic tangent function using Jax autograd.

Compare analytic and autograd (with any framework) approach for the hessian of:

r)=—x Az +0 x+c
flz) = Sa" Az + 0"



Compare analytic and autograd (with any framework) approach for the gradient of:
f(X) =tr(AXB)

Compare analytic and autograd (with any framework) approach for the gradient and
hessian of:

f(z) = 5 4z — b]3

Compare analytic and autograd (with any framework) approach for the gradient and
hessian of:

f(x) =In(1+ exp(a,z))

Materials

HIPS autograd
PyTorch autograd
Jax Autodiff cookbook


https://github.com/HIPS/autograd/blob/master/docs/tutorial.md
https://www.python-engineer.com/courses/pytorchbeginner/05-gradient-descent/
https://colab.research.google.com/github/google/jax/blob/master/docs/notebooks/autodiff_cookbook.ipynb#scrollTo=RsQSyT5p7OJW

